Magnetic Doublon Bound States in the Kondo Lattice Model by Rausch, Roman et al.
Magnetic Doublon Bound States in the Kondo Lattice Model
Roman Rausch1,∗ Michael Potthoff2, and Norio Kawakami1
1Department of Physics, Kyoto University, Kyoto 606-8502, Japan and
2Department of Physics, University of Hamburg, Jungiusstraße 9, D-20355 Hamburg, Germany
We present a novel pairing mechanism for electrons, mediated by magnons. These paired bound
states are termed “magnetic doublons”. Applying numerically exact techniques (full diagonalization
and the density-matrix renormalization group, DMRG) to the Kondo lattice model at strong ex-
change coupling J for different fillings and magnetic configurations, we demonstrate that magnetic
doublon excitations exist as composite objects with very weak dispersion. They are highly stable,
support a novel “inverse” colossal magnetoresistance and potentially other effects.
Motivation. The Mott-insulating state of the single-
band Hubbard model, driven by repulsive Coulomb in-
teraction, remains an enduring paradigm in strongly-
correlated electron physics. An excitation of electrons
across the Mott gap to the upper Hubbard band forms
“doublons”, quasiparticles which are stabilized by the
strong Hubbard interaction U and which persist as bound
states on a time scale growing exponentially with U [1, 2].
This stability provides a bottleneck in the relaxation dy-
namics [3], and several propositions have been made to
exploit this effect: (i) Since doublons effectively behave
as hard-core bosons with an attractive interaction, the
creation of a metastable superfluid state is conceivable.
Being an excited state far from equilibrium, however,
such a state has to be engineered in an optical lattice
[4] or by photodoping [5]. (ii) The stability of doublons
on a long time scale makes Mott insulators candidate
materials for solar cells [6, 7]. In this case, incident light
creates a doublon-hole excitation which quickly recom-
bines if there is no interaction, leading to merely diffusive
charge separation. With interaction, on the other hand, a
stable doublon is created that can be separated from the
hole more efficiently. (iii) The so-called “quantum distil-
lation” is a cooling method for atoms in optical lattices
[8]. Having trapped a number of doublons and then re-
leasing the trap, one observes that while fast components
of the block escape, the rest bunches together, leading to
an increase of the local double occupancy and hence to
an approximate band insulator with low entropy.
Here, we demonstrate the existence of a novel quasipar-
ticle, the “magnetic doublon”. Opposed to the conven-
tional one, it is stabilized by magnetic degrees of freedom
rather than by a strong Hubbard-U . The magnetic dou-
blon is in fact a bound state of a conventional doublon
and a magnon. It requires a magnetic background and
consists of a double occupancy in the vicinity of a spin-
flip excitation, thus being a quasiparticle that is itself
formed out of two quasiparticles.
We will argue that the Kondo lattice model (KLM) is
the most simple system that hosts the magnetic doublon.
Key to an understanding of the binding mechanism is the
limit of a strong local exchange coupling J . This regime
is of high relevance for materials like doped manganites
[9, 10] and is precisely the limit accessible in the simula-
tion of the KLM by an ultracold 173Yb gas in an optical
lattice [11]. As the concept is fairly general, one should
expect magnetic doublons in other contexts as well, e.g.
in multi-orbital, strong-J systems, such as Hund’s met-
als [12]. The magnetic doublon provides an alternative
route to the same functionalities (i)–(iii) of the conven-
tional doublon but in addition to that also has a couple
of further intriguing properties as will be shown here.
Two-electron exact solution. The quintessence of the
magnetic doublon concept can be already understood
in the two-electron case (N = 2). We consider a one-
dimensional lattice with periodic boundaries; this is con-
venient methodically, but not essential. The KLM Hamil-
tonian reads:
H = −T
n.n.∑
ijσ
(
c†iσcjσ +H.c.
)
+ J
∑
i
Si · si . (1)
Here, c†iσ creates an electron with the spin projection
σ =↑, ↓ at site i. Furthermore, si =
∑
σσ′ c
†
iστσσ′ciσ′/2
(with the Pauli matrices τ ) is the spin of the electron at
site i and Si is the local spin with quantum number 1/2.
J > 0 denotes the antiferromagnetic (AFM) exchange in-
teraction. The hopping amplitude T ≡ 1 between nearest
neighbors (n.n.) fixes the energy and time units (~ ≡ 1).
The ground state of the model in the strong-J regime is
ferromagnetic (FM) with total spin S = (L − N)/2, for
N = 1, 2, ..., L − 1 and becomes a singlet S = 0 at half
filling N = L [13].
For N = 2 electrons, i.e. at most one doublon, we can
develop a “doublon band theory” [14]. Effective doublon-
doublon interactions show up at higher fillings; this is
discussed later. We perform full diagonalization to si-
multaneously get the many-body eigenstates of H, the
particle-number operator Nˆ , the squared total spin op-
erator S2tot = (
∑
i (Si + si))
2
, and the total momentum
operator Pˆ [15], with the corresponding quantum num-
bers E, N = 2, S (S + 1) and K, respectively. Several
spin symmetry sectors are possible: S = (L+ 2)/2 yields
the trivial fully polarized case where the spin-exchange
∝ J is inactive. S = L/2, i.e. one spin flip away from
full polarization is discussed in the Supplemental Mate-
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FIG. 1: Many-body eigenenergies as a function of the total
momentum K of the one-dimensional KLM with L = 12 sites
at J = 12. Each cross refers to an eigenstate in the sector
N = 2, S = (L−N)/2. The plot is symmetric toK = 0. Color
code (for K ≤ 0, left) gives the local spin-spin correlation per
electron
∑
i
〈
Si · si
〉
/N , and (for K > 0, right) the double
occupancy
∑
i
〈
ni↑ni↓
〉
. From lowest to highest energy, the
states are: P+P : two polarons, P+S : polaron and scattered
electron, D : magnetic doublon, S+S : two scattered electrons.
The doublon bands are magnified in the upper part.
rial [16]. Here, we focus on the case S = (L− 2)/2 (two
spin flips), as this sector also contains the ground state.
Figure 1 displays the results. Four types of states can
be distinguished by calculating the average local spin cor-
relation per electron 〈S · s〉loc./N ≡
∑
i
〈
Si · si
〉
/N and
the total double occupancy
〈
nd
〉 ≡ ∑i 〈ni↑ni↓〉. In the
lowest-energy states (labeled P+P), the electrons are al-
most completely AFM correlated with the localized spins,
so that 〈S · s〉loc./2 ≈ −3/4. This causes a fully polar-
ized local-spin system to be favorable because the “ki-
netic” term ∝ T of H is minimized. For one electron,
this limit of a “magnetic polaron” has been amply in-
vestigated in the past [17–19]. If one of the polarons
decays into an FM-aligned electron and a magnon, we
get 〈S · s〉loc./2 ≈ (−3/4 + 1/4)/2 = −1/4 (labeled P+S ). If
both polarons decay, we get the ferromagnetic correlation
〈S · s〉loc./2 ≈ +1/4 (labeled S+S ). However, in between
these two scattering “continua”, around E = 0, one finds
solutions with 〈S · s〉loc./2 ≈ 0 and
〈
nd
〉 ≈ 1, which can
thus be identified as doublon states (labeled D). We note
that switching the sign of J from AFM to FM simply
exchanges the scattering with the polaron part, but does
not affect the presence of the doublon in between.
Magnetic doublon. Now, zooming into the doublon
states (topmost panel of Fig. 1), we discover that there
are in fact two distinct features with a small gap in be-
tween, a narrow and a broad one. The narrow one forms
a continuum of states in the L → ∞ limit. Varying J ,
we find that its bandwidth scales as W ∼ J−3 for strong
J (see Fig. 2). The magnetic doublon corresponds to the
broad structure composed of L eigenstates. Its disper-
sion has minima at K = ±pi and the bandwidth scales as
W ∼ J−1 (Fig. 2).
It is possible to analytically derive a first-order effective
model that projects onto the states of the broad doublon
band by using T/J as a small parameter and neglecting
single occupancy (which is essentially the Schrieffer-Wolff
transformation, cf. Refs. [4, 18, 20] and [16]). We obtain
the following result:
Heff = J
′
K
n.n.∑
ij
(
d†idj + d
†
jdi − 2ndi ndj + ndi + ndj
)
· (Si · Sj − 1/4) . (2)
Here d†i = c
†
i↓c
†
i↑ creates a double occupancy at site i, now
a hard-core boson (with [di, d
†
j ] = δij and d
†2
i = 0). The
corresponding density is ndi = d
†
idi. As compared to the
related expression for the Hubbard model [4], we find a
different hopping amplitude J ′K = 8T
2/3J (rather than
2T 2/U) and, more importantly, an interaction with the
magnetic substrate, given by the spin-spin product in Eq.
(2). Thereby, the sign of the doublon-doublon interaction
becomes dependent on the nature of the magnetic ground
state. It is attractive in the ferro- and repulsive in the
antiferromagnetic case.
It is instructive to employ the transformation d†i =
(−1)iT+i , ndi = T zi + 1/2 from hard-core bosons to pseu-
dospin operators T i, which fulfill the usual spin com-
mutation relations. We obtain a rather compact spin-
pseudospin model:
Heff = −2J ′K
n.n.∑
ij
(Ti ·Tj − 1/4) · (Si · Sj − 1/4) , (3)
which is manifestly invariant under the spin- and charge-
SU(2) symmetries of the system [21, 22].
Note the following important consequence: In the ef-
fective model, the subspace S = (L − 2)/2 contains one
doublon and one magnon (the number of states is L2),
and Heff only gives a non-zero result if they are at least
nearest neighbors. The delocalization of L of these bound
states thus forms the “broad” dispersion of the magnetic
doublon band, while the remaining ones have zero energy.
Numerical evidence shows that the degeneracy of the
remaining states is lifted in third order, see Fig. 2, re-
sulting in a narrow continuum where a doublon and a
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FIG. 2: Points: Doublon bandwidth as obtained by full
diagonalization for various cases. (i) S = (L − 2)/2, FM
ground state (L = 12); for broad and narrow dispersions see
text. (ii) S = L/2, FM ground state (L = 16), see Ref. [16].
(iii) S = 0, AFM ground state (L = 8), see text. Lines: Fits
W = const× J−r as indicated, except for the broad doublon
bandwidth which is taken from the effective model Eq. (2).
magnon are propagating independently through the lat-
tice. A scaling of the bandwidth ∼ J−3 is also seen in
the results for the S = L/2 sector, see the Supplemental
Material [16] and Fig. 2. For S = L/2, the phase space
is highly restricted and one can either have a doublon or
a magnon, but not both. Still, the doublon can delocal-
ize in a higher-order process by creating and absorbing
a virtual magnon. We suspect that the same mechanism
is at work for the narrow doublon band of Fig. 1.
Inverse CMR effect. The “broad” bandwidth of the
magnetic doublon is strongly dependent on the underly-
ing magnetic configuration. This is demonstrated in Fig.
2 where it is compared with the bandwidth for the case
of an antiferromagnetic singlet (S = 0). Such a ground
state can easily be stabilized by adding a weak direct cou-
pling Jdir
∑n.n.
ij Si · Sj to the Hamiltonian (Jdir = 0.1).
We find the same four types of states, but the magnetic
doublon bandwidth now scales as W ∼ J−0.35. Hence,
the magnetic doublon has a substantially broader disper-
sion if the spin system is not polarized homogeneously.
This is intuitively clear, as it requires a bound magnon
to propagate; and the antiferromagnet (but also a disor-
dered local-moment paramagnetic state) provides a much
larger phase space in terms of spin flips to assist the prop-
agation. We note that as compared with the conven-
tional colossal magnetoresistance (CMR) effect, trans-
port is alleviated by spin disorder rather than impeded.
Hence, there is an “inverse” CMR effect in controlling
the nonequilibrium transport properties of magnetic dou-
blons via temperature or magnetic switching.
Electron spectroscopy at finite filling ratio. In princi-
ple, the most direct access to observing magnetic doublon
excitations is given by appearance-potential spectroscopy
[23, 24], where there are two additional electrons in the
final state, predominantly created at the same site. This
is shown in the Supplemental Material [16]. Here, we
instead focus on k-resolved single-electron spectroscopy,
which is a widely established experimental technique. For
convenience we will consider electron addition, i.e. the
inverse photoemission spectrum from systems with low
band filling. This is related to standard photoemission
(one-electron removal) at high band fillings via particle-
hole symmetry.
We demonstrate that the magnetic doublon can be seen
as a satellite for a finite filling n = N/L in the thermo-
dynamic limit (large N , large L). This is shown in Fig.
3, which displays the spin-resolved spectrum at n = 1/4
(one-eighth filling), given by
Aσ (k, ω) = 〈0|ckσδ(ω + E0 −H)c†kσ|0〉 , (4)
where ckσ =
∑
i e
−ikRiciσ/
√
L and where |0〉 is the N -
particle ground state with magnetization M , which is the
eigenvalue of
∑
i(S
z
i +s
z
i ). Note that the spin-↑ spectrum
has been rigidly shifted to align with the spin-↓ spectrum
for better comparison. In the latter case, ω = 0 refers to
the Fermi edge.
To calculate the spectral function, we have used
a density-matrix renormalization group (DMRG) code
which actually exploits the full SU(2) spin symmetry
along with the U(1) charge symmetry of the model, com-
bined with the Chebyshev polynomial technique [14, 25].
As before, we control the total spin S, but are able to re-
solve the result according to M in a post-processing step
from a single calculation.
In the spin-down (minority) case, the lowest-frequency
states are given by processes where the added electron
forms a polaron with the magnetic substrate. In the
strong-coupling limit, we can think of the ground state
as being filled by noninteracting polarons which occupy
the lowest-momenta states, so that the dispersion of the
excitation (“P”) starts at k ≈ npi = pi/4 for ω = 0. Flip-
ping the incident electron spin then leads to a higher
scattering state (“S”), but there is also some probabil-
ity to find another electron with which a doublon state
can be formed (“D”). In the spin-up (majority) case, the
electron has a high probability to find empty sites (be-
cause of the low density n), upon which it propagates
with a free dispersion of bandwidth W = 4T (“S”). How-
ever, there is again some probability to form a doublon
with an electron from the ground state (“D”). In both
cases, the energy distance of the doublon to the scatter-
ing states is about J/2 and to the lowest polaron states
about 3J/2, consistent with the two-electron eigenstates
of Fig. 1. The doublon excitation (“D”) has an extremely
weak dispersion and is basically spin-independent. We
did not attempt to resolve its internal structure, i.e. the
bound magnetic doublon and the narrow continuum.
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FIG. 3: Inverse photoemission spectrum Eq. (4) as ob-
tained by Chebyshev-expansion DMRG for n = 1/4 (N = 16,
L = 64), S = (L−N)/2 and J = 12. Left: spin-down (minor-
ity). Right: spin-up (majority, shifted rigidly by ∆ω ≈ 11.2
to align with the spin-down spectrum). Both spectra are sym-
metric with respect to k = 0. P : polaron, S : scattered state,
D : doublon.
Real-time dynamics. Finally, we demonstrate the
stability of magnetic doublons. To this end a local
doublon-hole excitation is created suddenly at t = 0
by applying the correlated-hopping operator Ci,i+1 =∑
σ (1− ni,−σ) ciσc†i+1,σni+1,−σ locally to the ground
state, i.e.
∣∣Ψ (0) 〉 = Ci,i+1∣∣0〉. Then this state is prop-
agated in time,
∣∣Ψ (t) 〉 = exp (−iHt) ∣∣Ψ (0) 〉, and the
total double occupancy
〈
ndtot (t)
〉
=
∑
i
〈
Ψ (t)
∣∣ndi ∣∣Ψ (t) 〉
is measured at each step. Apart from being a general
study of doublon decay in real time, this setup could also
be regarded as a crude modeling of the effect of an inci-
dent photon [6]. It is advantageous to use a correlated-
hopping operator instead of just ciσc
†
i+1,σ, as this ensures
that the double occupancy will be zero on site i and one
on site i + 1 independently of the initial configuration.
We furthermore subtract the ground-state contribution
of
〈
ndtot
〉
to facilitate the comparison for different values
of J . Since the largest cross-section for this excitation is
found at half filling, we consider the AFM singlet state
(S = 0) at n = 1. We first calculate the ground state of
an infinite system using the variational uniform matrix-
product states (VUMPS) algorithm [26] with SU(2) spin
and U(1) charge symmetry; then a heterogeneous section
is assembled where the excitation is allowed to spread
[27].
We find that the magnetic doublon picture continues
to hold in this regime, even as the many-body effects are
strongest. Figure 4 shows that, after a few inverse hop-
pings, the double occupancy settles at a constant plateau
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FIG. 4: Time dependence of the total double occupancy
(with ground-state value subtracted) after a doublon-hole ex-
citation as obtained for an infinite MPS with S = 0, n = 1 on
a heterogenous section of L = 100 lattice sites. Inset: real-
space snapshot at time t/T = 40 of the double occupancy
(orange, propagating to the right) and the empty occupancy
(black, propagating to the left) for J = 12.
quite close to the initial value of (almost) unity without
any further decay on the accessible time scale. The larger
J , the closer it stays to unity. As compared to doublon
dynamics in the Hubbard model [6, 28, 29], there are
important differences resulting from the different bind-
ing mechanisms: A Fourier analysis (not shown) indi-
cates that there are two dominating oscillation frequen-
cies in the Kondo case, which are roughly given by J/2
and 3J/2. Furthermore, in the Hubbard case the max-
imal velocity of the wavefront is basically given by the
Fermi velocity vmax ≈ 2T , while in the Kondo case we
find vmax ≈ T , which in fact corresponds to the polaron
velocity in the strong-J limit [18]. Thus, qualitatively, a
propagating doublon excitation of an antiferromagnetic
Mott insulator should be thought of as free-electron like,
opposed to the polaron picture that applies to the strong-
J antiferromagnetic Kondo insulator.
The inset of Fig. 4 shows a real-space snapshot of the
double occupancy
〈
ndi
〉
and the density of empty sites〈
nhi
〉
= 1−〈ni〉+〈ndi 〉 (with the ground-state value again
subtracted) for J = 12 and a late time. The two wave
packets separate in opposite directions with some spread,
but little charge recombination. This demonstrates an
efficient mechanism for charge separation and thus has
potential relevance for solar cell devices [6].
Conclusions. We have introduced the notion of mag-
netic doublons that are formed due to magnons which
bind electrons in pairs. Our calculations for the Kondo
lattice in one dimension have not only demonstrated their
existence, but also suggest a number of highly functional
properties and unconventional effects to be exploited in
the future. This includes metastable superconductivity
5due to Bose condensation of doublons as well as quantum
distillation and efficient carrier separation. Candidate
materials could be the long-studied manganites [9, 10],
rare-earth chalcogenides or Hund’s metals [12]. We also
note that the Kondo model in the strong-J regime has
been implemented on an ultracold lattice recently [11].
Opposed to conventional doublon excitations in the Hub-
bard model, magnetic doublons have a more variable dis-
persion which is highly sensitive to the magnetic back-
ground. The latter implies a colossal magnetoresistance
effect, though curiously an inverse one, as the magnetic-
doublon mobility decreases with increasing homogeneity
of the spin system.
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SUPPLEMENTAL MATERIAL
Eigenstates in all sectors
For the sake of completeness, we present the eigen-
states obtained by exact diagonalization in all relevant
subspaces. Let us start with the one-electron problem.
The ground state is ferromagnetic and lies in the sector
S = (L− 1)/2, since the kinetic energy of the electron is
minimized for a fully polarized local-spin system. Figure
5 shows the numerical solution for N = 1, S = (L−1)/2,
which, at least to some degree, can also be computed
analytically [18, 19]. We find a polaron band at low en-
ergies. For strong J , the polaron basically consists of the
electron forming a singlet with the localized spin on the
same site. Delocalized polaronic eigenstates of H with
a dispersion of bandwidth W ≈ 2T are obtained by a
superposition of such local singlets. At energies of about
J above the polaron band, we find the scattering states,
where the majority-spin electron and a magnon excita-
tion propagate independently through the lattice. We
conjecture that for N > 1 but fillings n 1, the ground
state can be approximately constructed as a noninter-
acting sea of polarons filled up to the “Fermi” momenta
k = ±npi.
Figure 6 presents the numerical solution of the two-
electron problem in the Hilbert-space sector with S =
L/2. We find the three types of eigenstates. P+S : One
electron forms a polaron with the localized spins, while
the other one is ferromagnetically aligned to the localized
spins and forms a scattering state. S+S : Both electrons
form scattering states. D : A doublon is formed by the
two electrons. The bandwidth (see upper panel of Fig.
6) is extremely small and has minima at k = ±pi/2.
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FIG. 6: Exact eigenstates for L = 16, N = 2, S = L/2,
J = 12. The color code represents the average local spin-
spin correlation per electron 1/2
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for K ≤ 0; and
the double occupancy
∑
i
〈
ni↑ni↓
〉
for K > 0. Upper panel:
close-up of the doublon band. See text for an explanation of
the labels.
The effective model Heff of the main paper in fact gives
a vanishing band width in this sector, so that the L dou-
blon states on the L sites are perfectly localized, and the
doublon dispersion seen in the figure is an effect beyond
the lowest-order perturbation theory. This perfect local-
ization is a result the restricted Hilbert space. There is
only a one spin-flip deviation from the fully polarized fer-
romagnet which can either exist in the electronic system
or be transferred to the local-spin system. In the former
case, we have
〈
Si · Sj
〉− 1/4 = 0, while in the latter case
no doublon can be formed from two same-spin electrons,
hence one has strictly Heff = 0.
Finally, Fig. 7 presents the solution of the two-electron
problem in the largest Hilbert space sector with total spin
S = 0. To ensure that the ground state is antiferromag-
netic and in fact lies in the S = 0 sector, we have added a
weak direct exchange term Jdir
∑n.n.
ij Si ·Sj , Jdir = 0.1 to
the Hamiltonian. One observes the same types of states
as in the ferromagnetic case with S = (L− 2) /2, as dis-
cussed in the main text, but the doublon bandwidth is
larger by a factor of 2-3. One now finds a doublon con-
tinuum with only a small hint of dispersion around zero
momentum.
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Two-electron addition spectrum for the empty band
case
For the doublon problem in the Hubbard model, the
two-electron removal spectrum for the case of a com-
pletely filled band serves as a demonstrative and paradig-
matic example [14]. At low fillings or for an empty band,
one should rather perform a two-electron addition spec-
troscopy, defined by the following spectral function:
A2 (k, ω) =
1
L
∑
n
∣∣∣∣∣〈n∣∣∑
i
e−ikRic†i↓c
†
i↑
∣∣0〉∣∣∣∣∣
2
×
× δ (ω − E0 + En) . (5)∑
k A2 (k, ω) plays the role of the raw spectrum in
appearance-potential spectroscopy (APS) [23], a well-
established technique that has gained some renewed in-
terest recently [24]. The two-electron addition spectrum
for the case of an empty band, with the localized spins
aligned ferromagnetically, is displayed in Fig. 8. The sub-
space of the excited states |n〉 which have a non-vanishing
matrix element exactly corresponds to the subspace un-
derlying the calculations shown in Fig. 6, and hence we
find the same three types of states represented. However,
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FIG. 8: Two-electron addition spectral function of the empty
ferromagnetic band for L = 128, N = 0, S = L/2, J = 12
as obtained by Chebyshev-expansion DMRG. See Fig. 6 for
comparison.
almost all of the spectral weight is concentrated on the
doublon band, requiring a logarithmic scale to observe
the other states at all. Thus, APS is in principle the
optimal technique to observe the magnetic doublon. A
major difference from the Hubbard case is the small dou-
blon dispersion, essentially constituting a flat band whose
curvature can barely be resolved. Recall that in the Hub-
bard case, it scales as U−1, while in the Kondo case, the
scaling is J−3, as discussed in the main text. One further
observes that the spectral weight of the other states dis-
appears at the Brillouin zone edge k → ±pi. This is due
to the charge-SU(2) symmetry of the model, whereby an
exact doublon eigenstate is created at these momenta.
The same effect is found in the Hubbard model [14].
Derivation of the effective model
Here, we outline the derivation of the effective model
for the “broad” dispersion of the magnetic doublon, split
off from the manifold of zero-energy doublon states. Ab-
breviatingHKondo = J
∑
i Si·si, we start by decomposing
the lattice fermion hopping into three terms [30]:
H = T 0 + T+ + T− +HKondo . (6)
The first,
T 0 = −T
n.n.∑
ijσ
(
ni,−σc
†
iσcjσnj,−σ + hi,−σc
†
iσcjσhj,−σ +H.c.
)
(7)
9with hiσ = 1 − niσ, is the part that conserves double
occupancy, while
T+ = −T
n.n.∑
ijσ
(
ni,−σc
†
iσcjσhj,−σ +H.c.
)
(8)
increases it, and
T− = −T
n.n.∑
ijσ
(
hi,−σc
†
iσcjσnj,−σ +H.c.
)
(9)
decreases it.
We proceed with a canonical transformation, specified
by the Hermitian operator S:
Heff = e
iSHe−iS . (10)
In leading order, this yields
Heff = H + [iS,H] +
1
2
[iS, [iS,H]] + . . . . (11)
The generator S shall be chosen such that it cancels the
terms which alter the double occupancy in first order:
[iS,HKondo] = −
(
T+ + T−
)
. (12)
This implies S = O
(
J−1
)
, and we obtain:
Heff = T
0+HKondo+
[
iS, T 0
]
+
1
2
[
iS, T+ + T−
]
+O
(
J−2
)
.
(13)
It turns out that
[
iS, T 0
]
= 0. Eq. (12) can be solved
in the eigenbasis of HKondo. It is a local operator for
which the eigenstates
∣∣α〉 can be constructed easily:∑
ij
U†αiHKondo,ijUjβ = Dαβδαβ . (14)
The generator S is now explicitly given by:
Sαβ = i
〈
α
∣∣T+ + T−∣∣β〉
Eβ − Eα , α 6= β . (15)
For α = β, one simply sets Sαβ ≡ 0. The property S =
O
(
J−1
)
is evident from the above expression, since the
eigenvalues of the Kondo term obviously scale as Eα ∝ J .
Having obtained Sαβ , we have to rotate it back into the
original basis:
Sij =
∑
αβ
UiαSαβU
†
βj . (16)
We proceed by neglecting singly occupied sites, which
allows us to disregard T 0 in Eq. (13), and arrive at the
following final result:
Heff = J
′
K
n.n.∑
ij
(
d†idj + d
†
jdi +
(
ndi − ndj
)2)·(Si · Sj − 1/4) .
(17)
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FIG. 9: Eigenstates for L = 8, N = 2, S = (L − N)/2
as a function of J within the doublon band (blue crosses)
compared with the effective model Eq. (17) (red dots).
Here J ′K = 8T
2/3J . The doublon creation operator
d†i = c
†
i↓c
†
i↑ now becomes the creation operator of a hard-
core boson, with
[
di, d
†
j
]
= δij and
(
d†i
)2
= 0; and
ndi = d
†
idi is the corresponding density. Note that in
our convention every nearest-neighbor bond is counted
once, so that
∑n.n.
ij n
d
i = z/2
∑
i n
d
i , where z is the coor-
dination number of the lattice (z = 2 for 1D).
We may compare it with the Hubbard result [4], which
can be correspondingly written as:
Heff =
J ′H
2
n.n.∑
ij
(
d†idj + d
†
jdi +
(
ndi − ndj
)2)
+ U
∑
i
ndi .
(18)
Both cases can be further simplified by mapping hard-
core bosons to spins:
d†i → (−1)i T+i (19)
di → (−1)i T−i (20)
ndi → T zi + 1/2 (21)
with
[
T zi , T
±
j
]
= ±T±i δij and
[
T+i , T
−
j
]
= 2T zi δij . This
leads to a bi-quadratic ferromagnetic spin model:
Heff = −2J ′K
n.n.∑
ij
(Ti ·Tj − 1/4) · (Si · Sj − 1/4) . (22)
The validity of the effective model is demonstrated in
Fig. 9 in the subspace of a single doublon and a single
magnon. There are L/2+1 distinct k-values in the broad
magnetic doublon band, which agree with the effective
model for strong J . States where the doublon and the
magnon are not nearest neighbors give exactly E = 0 in
the effective model. In the full model, this degeneracy
seems to be lifted in third order, resulting in the narrow
doublon continuum with a bandwidth W ∼ J−3.
